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1. Introduction 

Throughout the 1980's, Kudla and the second named author studied integral trans- 
forms A from closed differential forms on arithmetic quotients of the symmetric spaces 
of orthogonal and unitary groups to spaces of classical Siegel and Hermitian modular 



forms (JTTj, [12], [13], |14|). These transforms came from the theory of dual reductive 
pairs and the theta correspondence. 

In |14|] they computed the Fourier expansion of A (77) in terms of periods of rj over 
certain totally geodesic cycles under the assumption that rj was rapidly decreasing. 
This also gave rise to the realization of intersection numbers of these 'special' cycles 
with cycles with compact support as Fourier coefficients of modular forms. 

It is clear from 0,0 and || that the situation is far more complicated when 
the hypothesis of rapid decay is dropped. The purpose of this paper is to initiate 
a systematic study of this transform for non rapidly decreasing differential forms rj 
by considering the case for the finite volume quotients of hyperbolic space coming 
from unit groups of isotropic quadratic forms over Q. We expect that many of the 
techniques and features of this case will carry over to the more general situation. 

We now give a more precise description of this paper. Let V(Q) be a rational vector 
space of dimension m = p + 1 with a symmetric bilinear form ( , ) of signature (p, 1) 
and put G(Q) = SO(V(Q)). We let L be an integral lattice in V(Q) and T(Q) be a 
torsion-free subgroup of the stabilizer of L in G(Q). We denote by B the associated 
symmetric space to G(R), and we assume that the hyperbolic manifold M = T\B is 
non-compact. 

Kudla and the second named author |T2|) constructed a certain theta function 



6(r, Z) for r e H n , the Siegel upper half space, and Z 6 B, which is a non-holomorphic 
Siegel modular form of weight y with values in the closed differential n-forms of M. 
For rj a rapidly decreasing closed differential (p — n)-form in M, they then defined 
the transform 

(1.1) A(i ? )(r)= / 77 A 8(r, Z). 

J M 



They showed that A(r/)(r) is a holomorphic cusp form, see |TJ]]. Moreover, the Fourier 
coefficients are given as periods of 77 over certain geometrically defined composite, 
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in general non-compact, 'special' cycles Cp in M attached to positive definite (3 G 
Sym n (Q), i.e., 



1.2) Afo)(r) = V / r, e 




D 2-Kitr(f3r) 



The lift factors through the cohomology if£ n (M, C) with compact support, and the 
period f c 7] is the evaluation of the pairing of [77] G H^~ n (M, C) with the relative 

cycle Cp G H p ^ n (M, dM, Z). The key point is here that the Fourier coefficients 9p of 
8(t) are the Poincare-dual forms of the cycles Cp. 

In the case of p = 2 and n = 1, this lift is closely related to the work of Shintani 



15 on the inverse of the Shimura lift. 



The Borel-Serre compactification makes M a compact manifold with boundary M. 
Here each boundary component is a (p — l)-torus at the various cusps of M. We 
develop a machinery to determine the growth of 0(r, Z) and show 

Theorem 1.1. 

9{t, Z) extends to a smooth differential form on M . Moreover, the coefficients of the 
restriction of9(r, Z) to each boundary component are given by a linear combination of 
holomorphic Siegel cusp forms of weight y coming from the orthogonal group 0(p—l). 



We can therefore extend the theta integral ( |1 . 1| ) to (p — n)-forms rj on M. For 
the special case n = p and rj — 1, the theta integral was already studied by Kudla 

(li). 



Theorem 1.2. 

Let 7] be a closed differential (p — n)-form on M. Then A(i])(t) is a holomorphic 
Siegel modular form of weight — for a suitable congruence subgroup of Sp{n,T). 

The key point is here that there exists another, rapidly decreasing theta function 
H(t, Z) such that 

(1.3) B9(r,Z) = dE(r,Z). 

Here d operates on the r- variable and d on the Z- variable. This, together with Stokes' 
theorem, implies that A(?])(r) satisfies the Cauchy-Riemann equations. 

The form H exists in general but it is not necessarily rapidly decreasing. Thus 
the problem of when A (77) is holomorphic is rather delicate. In fact, in it was 
shown that in the case of signature (p, 2) analogous theta integrals are in general 
non-holomorphic modular forms. 

We call the space of holomorphic Siegel cusp forms of weight y and degree n coming 
from theta series attached to 0(p — 1) the space of unstable cusp forms and denote 
it by G)( n )(p — 1). (For p = 2 and n — 1, these cusp forms correspond to Eisenstein 
series of weight 2 under the Shimura correspondence). 



By Theorem 1.1 the image of exact forms lies in the space of unstable cusp forms. 



Denoting the space of holomorphic Siegel modular forms of weight y and degree n 

An) 

m/2' 



by M^L, we therefore obtain 
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Theorem 1.3. 

The transform A factors through the cohomology H p ~ n (M, C) ~ H p ~ n (M, C) mod- 
ulo unstable Siegel cusp forms, i.e., A defines a map 

A : H p ~ n (M, C) — ► Mfy/eW(p - 1). 

By Theorem |1.2| we see by the Koecher principle that the Fourier expansion of 
A(rj)(r) is given by 

(1-4) A( V )(T) = J2^(v)e 27ritriM 

/3>0 

with 

(1.5) a^)= [ T)Ad (r). 

(For n = 1, the vanishing of the negative coefficients follows from a direct calculation 
which we omit). 

For the singular coefficients, the 9p(r) turn out to be rapidly decreasing, and we 
have 



Theorem 1.4. 



if rk((3) < n — 1 
-l) n J C sV if rk(J3)=n-l. 



In particular, we see that A(i])(r) is in general no longer a cusp form. Here, for j3 
positive semi-definite of rank n — 1, the 'singular' cycles C% are linear combinations 
of embedded (p — n)-subtori at each component of the Borel-Serre boundary of M. 
The coefficients are values of Dirichlet series attached to the boundary components. 
Note that the C| can be considered as absolute cycles in M and therefore the period 
of 7] over C% is cohomological. 

The calculation of the singular Fourier coefficients uses extensively ideas from [JTO 



where the case of n = p was considered. However, through a careful growth analysis of 
the theta series involved we are able to greatly simplify the concept of the calculations, 
avoiding the usage of a wave packet attached to Eisenstein series. This observation 



should also be very helpful for extending the much more general results of [14 . 



The situation for the positive definite coefficients is considerably more complicated 
as now dp is nonzero at the boundary and therefore homotopy- and Stokes-type ar- 
guments for the computation of (|1.5|) are no longer available. In particular, the 
calculation for rj rapidly decreasing (see ||13|| ) does not extend to arbitrary rj. This 
corresponds to the fact that the period r] (where Cp is the (in general relative) 

cycle mentioned above) no longer has a (co)homological interpretation. 
In fact, if rj is an exact form which extends to the boundary, the equation 



(1.6) 
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is in general no longer valid! We define the 'defect' 5p(r)) = 03(77) — f c rj and show 

that 5/3 descends to a function on Z p - n (M) /Z p ~ n (M, dM), where Z*(M) is the space 
of closed differential forms on M and Z*(M, dM) the subspace of forms which vanish 
at the boundary. Moreover, we show that the defect can be non-zero on the subspace 
of exact (p — n)-forms supported near dM. 

For the case of a Riemann surface, i.e., for the case of 50(2, 1) and n — 1, we have 
a complete picture: 

Theorem 1.5. Let p = 2 and n = 1. Then each class in H 1 (M,C) has a represen- 
tative 7] such that 



Hence holds in Mg 2/0^(1) for all closed 1-forms r] in M. 

The point is here that via the theory of Eisenstein cohomology H 1 (M, C) splits 
into its cuspidal (or L 2 ) cohomology and a part defined by Eisenstein series coming 
from cohomology classes at the boundary. We are able to directly compute ( |1.5|) for 
forms defined by cusp forms and Eisenstein series, thus verifying (|1.6| ). 

Furthermore, we can consider the 'truncated' part O c (t) of the form 9(r), which is 
obtained by subtracting the Eisenstein form of the restriction of 9{r) to the boundary 
from 9(t) itself. 9 c (r) is again a modular form of weight 3/2 with values now in the 
rapidly decreasing differential 1-forms of the Riemann surface M. 

For (3 > 0, we define OS to be the homology class dual to the /3-th Fourier coefficient 
of 9 c (t). This definition and the following result is completely analogous to the one 
by Hirzebruch-Zagier for Hilbert modular surfaces ([0): 

Theorem 1.6. Let p = 2 and n — 1. The map 



factors through H 1 (M,C), and if C is the homology class dual to [rj], we have that 



is a holomorphic modular form of weight 3/2. Here [.] denotes the cohomological 
intersection product. 

It seems natural to expect that this generalizes to SO(p, 1) (at least when the 
Eisenstein classes involved are not residual), and we hope to come back to this issue 
in the near future. 

We can also define in the general case 



(1.7) 






(1.8) 
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for C being a special cycle of complementary dimension n. For this lift, we have 
complete control over the Fourier coefficients: 

Theorem 1.7. A(C)(r) is a holomorphic Siegel modular form of weight y and degree 
n and 

A(C)(r) = J2[ C - C p]tre 2nUr(f3T) + (-l) n [CC s p}e 2nitr ^ T) . 

/3>0 /3>0 

rk(/3)=n-l 

Here [C.Cp]t r denotes the transversal intersection number of C and Cp in M, i.e., 
the sum of the transversal intersections counted with multiplicities. 



We would like to thank Steve Kudla for many crucial discussions and his encour- 
agement. The first named author would like to thank the Max- Planck- Inst it ut fiir 
Mathematik in Bonn and the Department of Algebra and Geometry at the University 
of Barcelona for their hospitality where major work for this paper was done. 

2. PRELIMINARIES 

Let V(Q) be a rational vector space of dimension m = p + 1 and let ( , ) be a 
non-degenerate symmetric bilinear form on V(Q) with signature (p, 1). Let L C V(Q) 
be an integral Z-lattice of full rank, i.e., L C L#, the dual lattice. We let G(Q) = 
SO(V(Q)) viewed as an algebraic group over Q. We denote by T(L) the stabilizer of 
the lattice L and fix a neat subgroup F of finite index in T(L) n Gq(M), which acts 
trivially on L&/L. Here Go(^) is the connected component of the identity of G(R). 

Let B be the real hyperbolic space of dimension p and realize B as one component 
of the two-sheeted hyperboloid of vectors of length —1: 

(2.1) B = {Z e V(R) : (Z, Z) = -1}°. 

Fix a base point Z G B and let K be the stabilizer of Z in G o 0R). Then K ~ 
SO(p) is a maximal compact subgroup of (j (R), and we have 

(2.2) B ~ G (R)/K. 

Note that we can identify B as the set of negative lines in V(M) and therefore also as 
the space of minimal majorants of ( , ) by defining, for Z e B, the majorant 

(2-3) ( , ) z = 

For the tangent space Tz(B) we have the standard canonical identification 
(2.4) T Z (B) ~ Z ± . 

We fix an orientation on V, and this induces an orientation of B by requiring that, for 
every properly oriented basis {w\, w p } for Tz(B) ~ Z L , the basis {w%, w p , Z} is 
properly oriented for V. Note that the action of C7q(^) on B preserves this orientation. 




We assume that the hyperbolic manifold M = T\B is non-compact. It is well 
known fJXJ| that this is the case if and only if V(<Q) has an isotropic vector. Then T 
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acts with finitely many orbits on the set of isotropic lines in V(Q), the cusps of M. 
We choose cusp representatives £o,£i, ...,£ r and primitive vectors Uj G L such that 



(2.5) 



£j = Quj and (uj, Z) < 



for all Z G B. We will express this second condition by saying Ui is forward pointing. 
We note that every null line has a canonical orientation given by the class of a forward 
pointing vector. We also choose gj G G (Q) = G(Q) fl G (M) such that 



(2.6) 



9jU 



Ui 



and with g = 1. Pick another isotropic vector u' G V(Q) such that (u ,u' ) = —1/2. 
This gives an isomorphism 



(2.7) 



et/eo~w(Q) := [«oX] 



'1-L 



Note that W is positive definite of dimension p — 1. We choose a basis {wi, w p _i} 
of W such that u , Wi, w p -i, u' Q is a positively oriented basis for V(Q) and call such 
a basis a Witt basis for V(Q). Note that this also gives rise to an orientation of £q /£ . 
With respect to this basis, ( , ) is of the form 



(2.8) 



(, ) 



V-l/2 



S 



-1/2" 



where S is the matrix of the bilinear form restricted to W. 

We can assume that the base point Z is rational and contained in the hyperbolic 
plane [iz ,Mo]. Since we assumed (Z,Z) = —1 and (Z,uq) < 0, we see that Z = 



Uq 



u: 



o- 



i.e., in coordinates: 



(2.9) 

Note that majorant ( , )z 
(2.10) 



)o associated to the base point Z is given by 
'1/2 

S 

as follows. We let 

and e p+ i = u + u' = Z . 

We have (ei, e\) = 1 and e\ _L Zq and extend e\ to an orthonormal basis {ei, • • • , e p } 
for Zq. With respect to this basis {e 1 , • • • , e p+ {\ the bilinear form has the matrix 



We pick another basis for Vil 
(2.11) ei = u 



Ur 



/I 



(2.12) 



(, ) 



\ 



-1/ 
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Let be the Lie algebra of G (IR) and t be that of K. We then have the Cartan 
decomposition 

(2.13) = * + P, 

where p is the orthogonal complement of t with respect to the Killing form. We 
identify p with Z$ in an S'0(p)-equivariant way via 

(2.14) Z ° ~" * 

v i — ► v A Z , 

where w A w' G /\ 2 V is identified with an element of q given by 

(2.15) (w A w')(v) = {w, v)w' — (w', v)w. 

We identify the basis {e 1 , • • • , e p } for Z$ with a basis of p. With respect to this 
basis we have 

(2-16) o) :VeZ ° 

We let {a;i, • • • , u p } be the dual basis of p* corresponding to this basis. 

We will denote coordinates with respect to the Witt basis {uq, wi, w p -i, u' } with 
Uij and coordinates with respect to the basis {e^} with Xij. 

Let P be the Q -parabolic subgroup of G defined by 

(2.17) P(Q) = {ge G(Q) : g£ = £ }. 
Then for the unipotent radical N(Q) of P(Q), we have 

(2.18) N(Q) ~ W(Q), 
and the isomorphism is explicitly given by 

f /l 2(.,w) (»,«;) 

(2.19) iV(Q)~ «(«;)= l w w \:weW(Q)}. 

The maximal Q -split torus A(Q) is given by 

(2.20) A(Q) 
We define 

(2.21) M = P(R)C)K ~ SO(W(R)) 
and have the standard decompositions 

(2.22) G (R) = N(R) A (R) K 
and 

(2.23) P (R) = N(R) A (R) M, 
where P (R) = P(R) n G (R) and A (R) = A(R) n C7 (M) ~ 
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For t G R+, let 

(2.24) At = {a(f) G A (R) : t' > t}, 

and for an open relatively compact subset u> C -/V(R), define the Siegel set 

(2.25) & t = ujA t K C G (R). 
Then by U there exists a Siegel set & C Go(R) such that 

(2.26) G (R) = {Jr gj 6 

3 

and 

(2.27) B = \Jr 9] e', 

3 

where & = & ■ Z . 

Let Nj, < j < r, be the point- wise stabilizer of the cusps i 3 - = Quj in N and 
Tj = Nj n T. We have 

(2.28) Ni = g s Ngj\ 
There exist lattices Aj C W(Q) such that 

(2.29) r, = {g J n(X)gJ 1 : A G A,}. 

Recall that by adding for each cusp £j the torus Tj\Nj to the manifold M = T\B 
we obtain (with the appropriate topology) the compact manifold with boundary M. 
This is the Borel-Serre compactification, see 0. We have 

r 

(2.30) M = M]Jr j \N j . 

j=o 

We introduce upper-half space coordinates on B associated to an isotropic line, 
which we take to be £q. We consider the map 

(2.31) a : A (R) x N(R) — ► B 
given by 

(2.32) a(a,n)=naZ 

Via the parametrization of -Ao(R) X iV(R) by R + x R p_1 we obtain coordinates on B 

by 

(2.33) (t,6)i — > Z{t,b) := n(b) a(t) Z . 
We have 

ft + t- l (b, bf 

(2.34) Z(t,b) = t- l b 

where we identified R p_1 with W(R) ~ iV(R). We observe that in P(V) we have 

(2.35) limZ(t,6)=4, 

t— >oo 
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whereas in the Borel-Serre enlargement of B we have lim^oo Z(t, b) = b e £q / £q. 

We extend a to N x A x K — > G by o~(n, a, k) = nak, and this induces an 
isomorphism between the left-invariant forms on NA and the horizontal left-invariant 
forms on G which we identify with p*. It is easily seen that a basis for the left-invariant 
forms on NA is given (in terms of the left-invariant forms joni and dbi, 1 < i < p—1 
on N) by {ui, v 2 , • • • , v p }, where 

dt dbi-i 
(2.36) ui = — and ^ = — - — for 2 < i < p. 

We have 
Lemma 2.1. 

o"* c<jj = Ui for 1 < i < p. 

Proof. We only have to prove this at the identity. Then the basis {u X) • ■ ■ , u p } for 
a* + n* is dual to the basis {2u A u' , 2ej A u , 2 < j < p}. The image of this basis 
under da\ e when projected onto p (the horizontal Maurer-Cartan forms annihilate t) 
is the basis {ei A e p+ i, e 2 A e p+ i, ■ ■ ■ , e p A e p+ i}. But this basis is dual to {ui} per 
defmitionem. □ 



We will need a refinement of these coordinates associated to positive semi-definite 
subspace U of V(Q) of dimension n such that the radical 

(2.37) R{U) = {ueU : (u,U) = 0} 

is non-zero. In this case we see by signature considerations that there exists a rational 
isotropic line £ such that 

(2.38) R(U) = £. 

We may choose the above Witt decomposition such that 

(2.39) U = £ +UDW, 

i.e., £ = £q. We write U' = U fl W and let U" be the orthogonal complement of U' in 
W, hence 

(2.40) w = u' e u", 

with the summands orthogonal for both ( , ) and ( , ) . 
We define subgroups N' and N" of with 

(2.41) N' ~ U' and A^" ~ U" 
under the isomorphism from W to A 7 ". We also define 

Nu = {n e N : n\ v = id} = {n e N : n\u> = id}. 

We observe that 

(2.42) N v = N". 

Indeed, for w,w' G W, we have n{w)w' — w' + (w,w')u , whence N v = {U') 1 - = U". 
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We can write 

(2.43) n(b) = n(b')n(b") 

with n(b') G N' and n(b") G N"; so b' G W 1 ' 1 ~ U' and 6" G W' 71 ~ 17". We obtain 
a product decomposition 

(2.44) a : R + x R n-1 x R p - n — ► B 
with 

(2.45) a(t, b', b") = Z(t, b', b") := n(b')n(b")a(t)Z . 

3. Special Cycles 

We define special cycles in B as follows: Let U be a positive definite subspace of 
V(M) of dimension n < p, and define 

(3.1) B v = {Z G B : Z JL U}. 

Note that is a totally geodesic submanifold, isomorphic to the hyperbolic space 
of dimension p — n. If U = span^X for an n-frame X = (x±, ■ ■ ■ ,x n ) in ^(M), we 
also write B x for B v . An orientation on U (say, coming from X) induces one on B v 
as follows. We have a canonical isomorphism 

(3.2) T z {Bu) ~Z ± D U ± . 

Then T z {B\j) receives an orientation by the rule that the orientation of T z {Bjj) 
followed by the orientation of U = U n Z L is the orientation of Tz(B) ~ Z L . 

Let Gy be the point- wise stabilizer of U in G and put Tu = T D G;/. We then 
define = r [ /\_B l /; the image of B v in M. 

For f3 G Sym n (Q), we consider the corresponding hyperboloid 

(3.3) ^ = {XGV(Q):i(X,X) = /3}, 

with (X,X) i:j = (xi,Xj). 

We fix a congruence condition /i G once and for all. 

If (3 is positive definite, then Y acts on tip fl (L n + /i) with finitely many orbits, and 
we define the composite cycle 

(3.4) Cp= C *- 

r\%n(L™+fe) 

We now construct special cycles on the Borel-Serre boundary of M . Let U be a 
positive semidefinite subspace of V(Q) of dimension n with nonzero radical R{U) = i. 
We denote the unipotent radical of the parabolic associated to i by Ng ~ £±/£ and 
write r< = T n Ng. The boundary component corresponding to the cusp £ is the 
(p — l)-torus Tt\Ng with universal cover I 1 - /£. We then define the (p — n) cycle B v 
at the boundary by 

(3.5) Bjj = {w G £ ± /£ : (U, w) = 0}. 
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We write Cy = Ty\By with Tu = Ny H and note that in the Borel-Serre 
compactification this cycle only depends on the equivalence class of the cusp £\ i.e., 
we have Cy = Cyy with 7 G V such that r y£ = £i for some i. 

An orientation for U gives one for Cy in the following way: 

Pick any null line £' = Qu' as above such that £ and £' span a hyperbolic plane 
whose orthogonal complement in V we denote by W. Recall that the forward pointing 
vectors (see ( |2.5| )) give an orientation for £ and £' respectively. The orientation of U 
induces one for U' = U D W by requiring that the orientation of I followed by the one 
of U' gives the orientation for U. By is isomorphic to the orthogonal complement 
of U in £q J- W, and we require that the orientation of £ followed by the ones of 
By = Tz(By), U' and finally of £' gives the orientation of V. 

A fixed orientation for U defines a sign character e(X) for X a rational n-frame 
with spanq(X) = U, by setting e(X) = 1 if X defines the same orientation on U and 
e{X) = -1 otherwise. So C x = e{X)Cy. 

Remark 3.1. When working with coordinates for B adopted to U (see Section 2) 
one obtains a different orientation for Cy which differs from the given one by a factor 

f (_1)(™-1)(p-«). 

The construction of a composite cycle in this situation is more complicated: 
Let (3 G Sym n (Q) positive semi definite and of rank n — 1. We define 

(3.6) % = {X eV n : \{X,X) = (3 and rank(X) = n}, 

the 'singular' part of the hyperboloid tip. Since (3 is singular, the radical R(X) of 
the span of X G is nonzero, i.e., R(X) = £ = £x for some rational isotropic line £. 
For such a line, we define 

(3.7) = {X G V(Q) : (X, X) = P and R(X) = £}c£ ± . 
We then have 

r 

(3-8) ^ = 11 II ^a~n P 

j=o yerj \r 

where ^o? ' ' ' > are the cusp representatives of the T-orbits of rational isotropic lines. 
We also write Qpj for Qp^j and 

(3.9) Cpj = Slpj DL n + h. 

Lemma 3.2. Let £ be a rational isotropic line. There is a finite number of rational 
n- dimensional subspaces U±, ■ ■ ■ ,U a of £ L such that 

(3.10) {U x , ■■■ } U a } = {span(X) : X G Q M n L n + h}. 

Proof. Indeed, we consider the quadratic space £ /£ which is positive definite. Then 
there are only finitely many X G (f^ fl L n + h)/£ such that \{X,X) = (3. Pulling 
back to £ then gives the lemma. □ 
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For each cusp £j, find a collection U^, i = 1, . . . , aj, of n- dimensional subspaces of 
£j as in the lemma. We will write 

(3.11) Qp^j = {X e Qpj : span(X) = Uij} and = % j n L" + /i, 
so that 

CLj CLj 

(3.12) Qp tj = ] J Qfrjj and Cp tj = \\ Cp >itj . 

i=l i=l 

Lemma 3.3. The action of Tj on Qpj induces a free action ofTjjiXTj on Qpij. 
HereT Uij =N Uij nT r 

Proof. We show that the action of Tj on Qp d carries Qp,i,j into itself and that the 
induced action of . is trivial. 

Indeed, an element 7 G Tj operates on an element x G £j + W = ij- by adding a 
multiple of Uj to x. Thus 7 leaves stable any subspace of (£j) ± containing £j, whence 
7 leaves flp^j stable. Consequently, Tj leaves Qp,ij stable. Also, r^. acts trivially 
on Uij whence it acts trivially on Slp^j- 

Finally, if 7 G Tj satisfies 7X = X, then, since X spans Uij, necessarily "flu- = 
1. ' ' □ 

Let be a set of coset representatives of this action on Cp t ij, i.e., 

(3.13) Cp >id = (iyr^) \ (n AW nir + h). 

We will see below that Cp^j is infinite. It is clear that the collection of the C/3,jj 
provides a set of representatives for T\Qp D L n + h. 
Pick a G Q n in the radical of (3. Then for all X G Q s p, 

(3.14) X-ae£ x = Qu x , 



with Ux G lx as in ( |2.5| ). We can take a nonzero and primitive in Z n . With this 
condition, X determines a up to ±1, and we write X ■ a = i>(X)ux, where v(X) is 
determined up to a sign. Following |1(J we call X reduced if with such a choice of a 



we have 

(3.15) X ■ a = u{X)u x 

with z/(X) G [0, 1). Note that if X is reduced so is 7X with 7 G T and v(X) = v^X). 
We write Q r p d for the set of reduced elements in Q^. 



Lemma 3.4. T acts with finitely many orbits on the reduced elements in r\f2^flL n + 

/3,i,j ■- ^P,i,3 1 1 "/8 



/i ; and C r p e fj := C/3,i,j H Q r p ed forms a set of representatives 



Proof. It is enough to show that for each pair i, j, Cp ed j consists of only finitely many 
elements. We write Cp t y ..^ for Cp titj . 

Choose m G SL n (Z) such that me = a, where e = '(1, 0, • • ■ ,0). We put (3q = 
t mf3m and k = hm. Then right multiplication by m gives a bijection from Cp t u ijt h to 
Cp 0i Uij,k- 
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As the vector e is a primitive integral vector in the radical of /3 , we have 

'0 



(3-16) A)-^ 

where (3' is a positive definite (n — 1) by (n — 1) matrix. We write £4,- = £j _L [/' with 
[/' positive definite. Picking an appropriate basis for U' we can assume that the n by 
n matrix g(Y) for Y G Cp jj i:j ,k is of the form 



(3.i7) son 



yo \ _ / yoi y 
o Y{ lo 



where yo — (2/01? Z/o) ^ s a row vec tor of size n and Y/ is an invertible (n — 1) by (n — 1) 
matrix. Similarly, the congruence condition k is of the form 



(3.18) g(k) 



k i k' 
k[ 



Also, since yi = k\ mod Zii we have y i = &oi m °d Z. Since /3q is positive definite, 
there are only finitely many Y[ which represent j3' . We have 

(3.19) iWW-f? * + 

for n{u') G Tj. Hence there are only finitely many y' Q , but yoi runs through the set 
{A; i +n : n G Z, n 7^ — fc i}. Assuming fc 01 G [0,1) we observe v(Y) = k i for Y 
reduced. This proves the assertion. 

□ 

The proof of the lemma shows that the representatives of Cp^j come in natural 
Z-classes: If X G Qp t e an d X ■ a G ix as above, then {X = X + Ux t o! : A; G Z} with 
a' G Z n and Va = 1 defines the Z-class. From this we see that each_ class contains 
exactly two reduced frames. If X is reduced with respect to a, then X = X — ux l a' 
with a' G Z n and t a'a = 1 is reduced with respect to —a. Moreover, v(X) = l — v(X). 

Recall that the first periodic Bernoulli polynomial is defined by 



(3.20) Bi(a) 



\ if a G (0, 1) 
if a = 0. 



We readily check 
(3.21) B 1 (z/(X))e(X) = B 1 (z/(X))e(X). 

We are finally ready to define the singular weighted composite cycle C| by 

(3-22) C% = \*M*))Cx. 

xer\fi£ ed nL™+/i 

Remark 3.5. We could also define for a complex parameter s the cycle 

(3-23) Cp, s = \ H X )rCx- 

xer\n l3 nL n +h 
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Then the arguments of the previous lemma show that Cp s converges for Re(s) > 1 
and has a meromorphic continuation the whole complex plane. For the value at s = 
we have 



(3.24) 

(see also the proof of Prop. pT7[ ) 



C/3,0 - O 



0- 



4. A COHOMOLOGY CLASS FOR THE WEIL REPRESENTATION 

Recall that the metaplectic cover G' = Mp(n, R) of the symplectic group Sp(n, R) 
is a central group extension 

1 — ► C 1 - 



(4.1) 1 
ofSp(n,R). HereC 1 = {z e 



Mp(n, 



Spin, R) 



1 



1}. We fix a splitting Mp(n, R) = Sp(n, R) xC 1 



and denote by K' C Mp(n, R) the inverse image of the standard maximal subgroup 



(4.2) 



a b 
-b a 



a + ib e U(n) 



of Sp(n,M.). Then K' admits a character det 1//2 ; i.e., its square descends to the 
determinant character of U(n). 

G x G' acts on the Schwartz space ^(^/(R) 71 ) via (the restriction of) the Weil 
representation u = otyflft) associated to the additive character t i — > e(t) := exp(2nit), 
see for example [16|. Recall that the action of G' on ip 6 5*(K(R) n ) is characterized 
by the formulae 



(4.3) 

for a e GL+( 
(4.4) 

for b G Sym n 
(4.5) 



u(( a ota - 1 ))^(X) = (detar^(Xa) 
tu (( H )) ij;(X) = e™ trWX ' x)) tlj(X) 
u((\l))i;(X)=^(X), 



where ip is the Fourier transform of ip and 7 an eighth root of unity. 
The central C 1 acts by 



(4.6) 



if m is odd 
if m is even 



for all teC 1 . 

The group G acts on S'(l / (R) ?1 ) via 

(4.7) co(g)^(X) = ^(g~ 1 X), 

which commutes with the action G 1 . 

For Z G B, we define the corresponding Gaussian by 

(4.8) MX,Z) = exp(-ntr(X,X) z : 
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and put <po(X) = <po(X, Z ). Note that (po(X, Z) is C7-invariant; i.e., 
(4.9) <pa(gX,gZ) = <pa(X,Z). 

The space of differential n-forms on B is 



15 



(4.10) 



A n {B) 



C°°(G) ® /\{p*) 



K 



where the isomorphism is given by evaluating at Z Q . 

The main result of [TjJ (cf. also [0]), specialized to our situation, is the construc- 
tion of a certain differential n-form of B with values in the Schwartz space S^V^M)™). 



Theorem 4.1 ([0). For each n with < n < p, there is a nonzero Schwartz form 



(4.11) 



Vn G [S(V(l 



<A n (B)} 



G 



S(V(R)T ® /\(P*) 



K 



such that 
0) 

dif n = 0; 

i.e., for each X G V(lR) n ; tp n (X) is a closed n-form on B which is Gx-invariant: 

g*(p n (X) = ip n (X) 

for g G Gx, the stabilizer of X in G. 
(ii) The forms are compatible with the wedge product: 

fni A tp n2 = (p ni+n2 , 

where (p n = for n > p. 
(hi) Assume U = U(X) for a linear independent, positive definite n-frame X in 
V(M). Then a Poincare dual of Cu = Tu\Bjj is given by 



76rv\r 



In [TT, |12[ Poincare dual form means the following: Let CcM = T\B be a cycle 
of dimension n. The n is a Poincare dual form of C if 



(4.12) 



CO 



UJ A T] 



>C JM 

holds for all compactly supported (or rapidly decreasing) closed n-forms to. 



We now give some explicit formulae for the forms <*p n G [^(^(M))" <8> A™(P*)]^- 
Via the basis {ei, • • • , e p } for Z$ we identify p with R p . Then u { becomes the 
functional on p which picks out the z-th coordinate. For X = (x\, ...,x n ) G V(R) n ~ 
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M TO) „(]R) (w.r.t. the basis {ex, . . . , e p+ i}), m — p + 1, and for 1 < s < n, we then 
define the 1-form 



(4.13) u(s,X) = J2 



v 

i=l 



Note that u(s, X) only depends on the s-th column vector x s of X: lu(s, X) = u(s, x s ). 
We set 

(4.14) 2""/Vn(X)= (j\u(s,X) \ ■ Vo {X) 

(4.15) = <pi(xx) A • • • A <pi(x n ) 

with fo(X) = exp(—7itr(X,X)o), as before. 

Note that this differs from the corresponding quantity in |ll| by a factor of 2 n//2 . 
We easily see 

(4.16) ^ n {X) = 2 n / 2 Yl P h,~j n {X) exp(-7rtr(X,X) ) ® u h A ■ ■ ■ Au jn , 

l<jl<—<jn<P 

where Pj 1 ...j n (X) is the determinant of the n by n matrix obtained from X by re- 
moving all rows except the ji, • • • , j n - Occasionally we will write X for this matrix, 
suppressing the coordinates. We write <fij u ... ,j n (X) = Pj X} — ,j n (X) exp(— ntr(X, X) ). 
Then it is easy to see that we have 

(4.17) <p n (X)(W) = 2 n/2 det(X,W) exp(-7rfr(X, X) ) 
for W E T Zo (B) n ~p n ~ {Z^f. Lemma |1] gives 

Corollary 4.2. 

a* Vn {X) = 2™/ 2 p ii,~Jn(X)e-* {X ' X>0 ® ^ A • - ■ A v jn 

l<jl<-<jn<p 

We write <p n (X, Z) for the corresponding n-form on B; for g G Go(R), we have per 
construction 

(4.18) <p n (gX,gZ) = <p n (X,Z), 
which also implies Th. |4.1| (i). 

Fundamental for the relationship to modular forms is 



Theorem 4.3 (0, |12j). 

ip n is an eigenvector of the maximal compact K' C Mp(n, M.) under the action of 
the Weil representation. We have 

w(k')<p n = det(k') m/2 (p n 

for k' e K'. 
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We denote by C m the G'-homogeneous line bundle over G'/K' to the character 
det" m/2 of K'. Then the previous theorem can reformulated as 

(4.19) ip n G [C m <g> S(V(R) n ) <g> X n (S)] GxG ' 

-I ifxK' 



(4.20) 



C Xm ® S(V(R) n ) ® /\(p* 



where <C Xm is the one-dimensional module on which K' acts via the character det~ m ^ 2 . 

For r = u + iv £ M n = {r G Sym n (C) : Jm(r) > 0} ~ G'/K', the Siegel space of 
genus n, we define in the usual way 

(4.21) <fn{r,X,Z) = det(v)- m ^u(g' T )MX,Z). 

Here g' r G Sp n (M) is a standard element carrying the base point il n G H n to r; i.e., 
/ fv* v~^u\ (\ u\ (v 2 

(422) *=(o ,-i) = 0> Co 

This is well defined, and we obtain 
Proposition 4.4. 

<^ n (r, X, Z)(W) = 2 n / 2 det(w) 1 / 2 det(X, w)e mtTix ' x) ^ z 
for W G (T z (B)) n ~ (Z 1 )" and (X, X) TjZ = w(X, X) + w(X, X) z . 

For a congruence condition h G (L#) n , we define the theta series #(t) with values 
in the differential n-forms of B by 

(4.23) 9(r,Z)= £ <^(r,X,Z). 

By the standard machinery of the theta correspondence (Poisson summation for- 
mula) we get 

Theorem 4.5 (0, 0). 

6(t, Z) is a non-holomorphic Siegel modular form of weight m/2 with values in the 
r -invariant differential forms of B for some suitable congruence subgroup of Spin, Z). 



In [ITJj] it was shown that dip n (with respect to the symplectic variable r 6 H) is 
exact in the orthogonal variable Z G B; i.e., there exists 

(4.24) ^n-i G [C m ® S(y(M)) n ® ^ n ~ 1 (S) ® ^°' 1 (H n )] GxG ' 
such that 

(4.25) <9y? n = #n-i- 
Defining the analogous theta series 

(4.26) ~(t,Z)=94t,Z)= ^,X,Z) 

Xeh+L" 
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we obtain 
(4.27) 
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8 6(t,Z) = dZ(r,Z). 



We now give a concrete formula for ip n -\. Consider the double complex 
(4.28) [C m <g> S{V{WL)) n <g> A\B) ® A°' j (U n )} GxG ' 

with maps d, 8. The Lie-algebra version of this complex is the following. Let g' = 
t' + p' be the complexified Cartan decomposition of sp n . We can identify p' with 
the complex tangent space of H n ~ G'/K' at the base point il n , and the Harish- 
Chandra decomposition p' = p + ©p_ gives the splitting of p' into the holomorphic and 
antiholomorphic tangent spaces. We let z/ jfc , 1 < j < k < n be dual to the standard 
basis of p_ C Sym n (C). Evaluation at the base points gives an isomorphism of the 
above complex with 



(4.29) 



C° = [C Xm ® S(V(R)T ®/\p*®/\p- 



KxK' 



We define d, d on C 1 ' 3 via transport of structure, for explicit formulae see |14| . Note 
that <p n G C n '° and ^n-i e C"" 1 ' 1 . 
We put (in coordinates for {e,}) 

(4.30) A jk (X) = (-^-^-e-^^Vi^i) A • ■ ■ A <^S) A ■ • ■ A ^(x n ), 
where^over a term denotes that this term is omitted in the product. We have 



.4 



jk 



-1 



iJfc-i 



l<ai<---a n _i<p 



P cn - ^-iW^oW ® Wai A ■ ■ ■ A UJ 



(4.31) 

Here Pai/",a„_i(X) is the following polynomial. Let denote the m by (n — 
1) submatrix of X obtained by deleting the fc-th column. Then P„^... iQ , n _ 1 (X) = 
is the minor obtained from using the rows ai, • • ■ , a n -\- 

We now define 



(4.32) tp n . 



Then 



i2 n ' 2 



A " 

l<j'<n 



v ii v ii A ■ • ■ A u 



l<j<k<n 



Theorem 4.6 (14 



d(p n = dip n _ x . 

We write 4>jj; ai ,- ,a„ and ipjk- ai ,- ,a n f° r the coefficient of u ai A 
and Aj k + respectively. 



■ A u an ^ in Ajj 
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5. The Growth of 9(t,Z) and S(t, Z) 

In this section we prove that 9(r, Z) extends to the Borel-Serre boundary and that 
S(t, Z) is rapidly decreasing on Y\B. 

Since tp n (X, g~ 1 Z) = Lp n (gX, Z), it suffices to prove the required estimates on the 
fixed Siegel set & . By some standard arguments we can also assume that the lattice 
L is of the form 

(5.1) l = l n e + l n w + l n 4 



We first consider an arbitrary n-form </? e [S'(l / (lR) n <g> ^"p*]^ in the polynomial 
Fock space, that is, the space of Schwartz functions of the form p(X)<po(X) with p a 
polynomial function on V(IR) ra . (In the Fock model of the Weil representation these 
become polynomials on C nm .) 

We extend our basis ■ • • , u n of p to a frame field Vi(Z), . . . , V P (Z). We then 
have 

(5.2) 9 ip (r,Z(t,b))(V il (Z(t,b)),--- ,V in (Z(t,b))) 

= l fi(^, z o,a(t)~ 1 n(b)~ 1 X)(w il ,--- ,w in ). 

X&L n +h 

Thus the problem of estimating a form of the above type on 6' reduces to estimating 
an expression of the following type 

(5.3) 9(t,b,R)= p(a(t)- 1 n(b)- 1 X)ex.p(-7rR(a(t)- 1 n(b)- 1 X)) , 

X£h+L n 

where p(X) is a homogeneous polynomial function on V n and R is a complex-valued 
quadratic function on V n with positive definite real part. We now make some elemen- 
tary observations concerning the growth of such expressions in t. We define 9*(t, b, R) 
by 

(5.4) 9*(t,b,R)= \p{a{tr 1 n(br 1 X)exp(-7TR{a(t)- 1 n(b)- 1 X))\. 

Via V(lR) n ~ M mjTl (M) we think of p as a polynomial in some coordinates of V(lR) n . 
From now on we use coordinates with respect to a Witt basis, see Section 2. 

Writing X = ( v ) we have 

\Vm J 

't- 1 (y 1 -2(Y>,b) + (b,b)y m y 

(5.5) a(t)' l n(b)- l X = \ Y' — b ■ y n 



ty m 



As a warm up we note 



Lemma 5.1. Suppose p{yij) is in the ideal in Ctyij] generated by {y m j '■ 1 < J ' < n }, 
the ideal of polynomial functions which vanish on (4) n - Then 9*(t,b,R) is exponen- 
tially decreasing on &'. 
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Proof. We may replace R by -y^- for a suitable constant c (since we are taking 
absolute values of the terms in the sum). Under the hypothesis of the lemma the only 
terms that appear in the sum have y m j(X) ^ for some j. But these terms appear 
in the exponential multiplied by t 2 , and the lemma follows. □ 

Remark 5.2. The forms VVi-i an d y? n are not of this form. 



We have an isomorphism 

(5.6) ,S(\/(M) n ) — > S((£ ) n ) ® 5(W^(M) n ) ® S^oD 
given by the partial Fourier transform operator 

(5.7) Fo(<Pi <8> <P2 <S> fz) — <Pi <S> f2 ® <P3- 

Here tpi is the usual Fourier transform on (£o) n - The right hand side is sometimes 
referred to as the mixed model of the Weil representation. 

We will need some formulae relating the action of uo and JF on S'(y(R) n ). Iden- 
tifying (£o) n with Mil 1 for some MeQwe denote the Fourier transform variable 
(dual to yi) by £ G R n . 

Lemma 5.3. Let (£,w,y m ) G (R) n x W(R) n x (£' Q (R)) n . 

(i) For n(b) G N(R) with beW, 

Fo(n(b)ip)(£,w,y m ) = e ((*(-2(b,w) + (b,b)y m )) F Q tp(£,w - by m ,y m ); 

(ii) Fora{t) G A{R), 

Fo(a(t)ip)(£,w,y m ) = tToyfaw^ym); 

(iii) For a'(v) = ( V Q ) G R) with v G GL n (M) ; 

Fo{a'(v)y)(£,w,y m ) = (det v)^' 1 ^ip^v" 1 ,wv,y m v) 

(iv) For n'{u) — ( J f ) G Sp(n, R) to£/j m G Sym r 



F (n'(u)(p)(Z,w,y m ) = e (tr(u ^y-^ .Fo<p(f + ^y m u,w,y m ). 

Proof. This is an easy exercise which we omit. □ 
We introduce the following notation 

(5.8) a x (u)<p(f , u>, y m ) = tp^v' 1 , wv, y m v), 

(5.9) 0(6, £, y m ) = e (^(-2(6, w) + (b, b)y m )) . 

Note |0(6,£,w,y m )| = 1. 

Let / C S(V n ) be the ideal of Schwartz functions in the polynomial Fock space that 
vanish on the linear subspace W n of V n . Note that W n is defined by the equations 

(5.10) y X j = and y mj = 

for j = I,-- - ,n, i.e., / =< yij,y m j >. We observe that if JF (^ g / then also 
To{a'{v)(p) and jF (n' («)(/?) G J. 
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Lemma 5.4. Suppose T§tp is in the ideal I. Then 9(t,b) is exponentially decreasing 
on & . 

Proof. We may write 

(5.11) 9(t, b) =< Q h+L n, n(b)a(t)<p > . 

Here Oh+L™ is the sum of Dirac deltas (placed at the points of h + L n ) and < , > 
denotes the Kronecker pairing. 

We write h = hi + h' with hi G (io) n - Then there is a constant C such that 

(5.12) Wh+L- = Ce{i l hi)Q hl+Ln 

by Poisson summation. Using the formulas from the previous lemma we obtain 

(5.13) Fo((n(b)a(t))<p)(£,w,y m ) = <fi(b, f, w, y m )Fo<p{tE„ w, ty m ). 
Hence 

(5.14) 6(t,b)=Ct n Yl <P(b,^w,y m )e(Chi)^(t^w,ty m ). 

The lemma now follows from an argument analogous to that of Lemma [54]. □ 

Note however that one cannot conclude from the lemma that Q*(t,b) is rapidly 
decreasing. 

Lemma 5.5. Suppose p{yij) is divisible by yij for some j but no higher power ofyij. 
Then T§tp is in the ideal I. Moreover, for every v e GL n (M) and u G Sym n (M.) the 
function J r (n'(u)a'(v)ip) is in the ideal I. 

Proof. The first statement is clear for we may write 

(5.15) <p{X) = yi j e-^{X). 

where ip(X) does not involve yij. Now taking JF does not change the function since 

2 

yije~ nVl J is its own Fourier transform (up to the constant —i). 

The second statement follows from the first one, the formulae (iii) and (iv) of 
Lemma |0| and the observation that if Ttp G /, then a x (v)J r (p G I and 

^y m u, w, y m ) el. □ 

Corollary 5.6. If <p satisfies the hypothesis of the lemma, then for every r G M n , 
9(t, b, t) decays exponentially on & , where 

(5.16) 9(t,b,r)= p(Xv^)e- wix ' x) ^- b K 

X£L"+h 

We now check that the form if) n -i satisfies the hypothesis of the previous lemma. 
It is enough to do this for the individual components ipjk;ai,-,a n -i 

Lemma 5.7. 

(i) J r oV , ii i ai,-,o„_i € / for all 1 < a x < ■ ■ ■ < a n _i < p 

(ii) Foipjkwu- A-i e 1 for all !<«!<•-•< a n -i < p 
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Proof, (i) follows immediately from Lemma [575] and the explicit formulae for tp n -i. 
We have 

(5-17) <.•,,:,„....,,. :(-V) = X mj PW.. >an _ 1 (X) V0 (X) 

(5-18) = (y„ - /A,,)/^:...,,.. : !.V),:„i.V). 

Now observe that Pau- ,a n -i{^) is a polynomial which does not involve y X y 

(ii) is more complicated. By an argument similar to the previous one we find that 
■^ r oV'ifeiQ!i,-,a„_i ^ I provided a x ^ 1. However, for a x = 1 it is no longer true. We 
have, assuming j < k, 

(5.19) Vto,-,^ = [(-^"W'i-.a^W + C-iy-^Pg.^W] ^o(X). 
We expand P[ }. a _ ± (X) by the first row and obtain 

(5.20) pff.^po = (-irv^-U-^) + r*, 

where is a polynomial not involving x^. Similarly, 

(5-21) I\!.:.. n .. AX) = {-l) k - 2 x lk P^l^{X) + R r 

We obtain 

(5.22) 4, jk (X) = 2{-iy + \yl - ^^(%(J0 mod J^ 1 /. 

Taking now shows that the right hand side is in J^ 1 /. This boils down to the fact 
that the Fourier transform of x 2 e~ nx is (j- — x 2 )e _7ra . □ 

We conclude 

Theorem 5.8. 

H(t, Z) rapidly decreasing. 

We now determine the growth of 6(t, Z) = ip „(t, Z) on & . Recall 

(5-23) VW-^PO = 2"/ 2 P aii ..., an (X)^ (X) 

and put 9j(t,Z) = ExeL™+h W,- ,a n { X ) witn ^ = { a i> ' ' ' .««}■ 
We write 

(5.24) L n + h = %) n + h ) + (L n nW n + h w ) + (Q n + h' ) 

according to the decomposition (|5.1|) . 

The following lemma gives the growth of the components 6j(t, Z) of 6{r, Z). 

Lemma 5.9. 

(i) <p ai ,-,a n e if and only if a x = 1. 

(ii) If ai = 1; ^en 9j(t,Z) has exponential decay on &. 

'o(r) z/ ^(4)" 

o(r e -^ 2 ) if Kt(Q n - 



(iii) 7/ai 7^ 1, then 9j(r,Z) 



as t — > 00. 
(iv) 0}(r, Z) = O(r) «€«,)"■ 
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Proof. For (i) develop P ai) ... ;(Xn (X) after the first row and proceed as in the proof of 
Lemma |5.7| . (ii) follows from (i) and Lemma |5.4j . For (iii), we first write 



f ai ,-,a n (a(t)- 1 n(b)- 1 X) = 2"/ 2 P Qli ... iQn (X)e- 27ri EO-^(^,^')-2^(E^ fc ) ^th 

n(&) -1 X = (yi, X' ,y m ). The assertion now follows from £ fceZ+/l e~ n( - k ^ 2 = 0(t) 
as t — > oo, which can be most easily seen by taking the Fourier transform, and 
^kez+h' e~ 7T( - kt ) = 0{eT ct ) if and only if h! £ Z. This also implies (iv) in the case of 
«i ^ 1. If ai = 1, then (iv) reduces to Ylk&+h If \e~ n ( k ^ 2 = 0(t), which is an easy 
calculus exercise. □ 

Note that the condition h' G (£' ) n certainly is equivalent to h G (^o~) ra . Following 
(jnj) we call the congruence condition h G (L*) n non-singular if for all frames 
X G h + L n of rank n, the radical R(X) is empty. Otherwise we call h singular. 

Near the cusp given by £ we can change the upper-half space coordinates (t, b) to 
(s, b) with s = 1/t. Then the restriction of a differential form on to the boundary 
component coming from £ is given by setting s = (and corresponds to t — > oo). 

Theorem 5.10. (Theorem \1.1\ ) 

(i) 9{j) extends to the Borel-Serre boundary of M; i.e., defines a closed differential 
form on M . 

(ii) If h is non-singular or n = p, then 9{r) is rapidly decreasing on M; hence 
0(r)\ m = 0. 

(iii) If h is singular, then the restriction of 9 V to the component of the Borel-Serre 
boundary ep coming from the parabolic P is the restriction of the theta series 
to the positive definite subspace W of V . More precisely, under the assumption 



E ip{T,X,Z{b)) if h 
9 tp \e P {r,Z(b)) = I xa,»nw»+h w 

if h 



Here 



<p(r, X, Z(b)) = a, ( X ) exp(-7rfr (X, X)r)db ai A ■ ■ • A db an 

2<a\<---<a n <p 

forXe W n . 

Proof. Everything follows from Corollary ^2|, Lemma |2.1| , Lemma |5.9| and 
(5.25) lim r n 9 ai ,.. !an (r,Z) = P au ... ;0ln (X) exp(-7rtr(X, X)r)db ai A ■ ■ ■ A db an , 

t— >oo 

which is seen by taking the operator JF , Lemma [5.3| and Poisson summation. □ 



Remark 5.11. Theorem |5.10| (iii) also shows a nice functorial property of the Weil 
representation. We have 

K(R)(ff'W^)) \e P (Z(b)) = uJ W (R)(g'(r)) (9 V \ W ) (Z(b)), 

where u>w(R) is the Weil representation attached to the positive definite space W(R) 
and 9 V \ w is the theta series restricted to W. 
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By Theorem [5. 10| we can now define for a closed differential (p — n)-form rj on M, 



(5.26) A(t?)(t)= / V (Z)A9(t,Z). 

<M 



This extends the lift considered in [I4"| to forms which do not vanish at the boundary. 



Theorem 5.12. (Theorem \1.2Q 

A(r])(r) is a holomorphic Siegel modular form of weight m/2. 



Proof. This will now follow from Theorem 5.8 and the following calculation, see [14]: 



(5.27) dA( V )(r)=B t)(Z)a9Jt,Z) = r,(Z) A9 3 Jt, Z) 



ipK'i^J - / 'IK"} '^ u dyy\ 
M J M 



V (Z) A9^(t,Z)= / d(rj(Z) A 9^(t, Z)) — 0. 

M J M 

The last equation is Stokes' Theorem. Here we need 9^, rapidly decreasing. □ 



Remark 5.13. In the analogous situation of locally symmetric spaces associated to 
orthogonal groups of arbitrary signature 9^ is not rapidly decreasing and the above 
argument breaks down. The theta integral is non-holomorphic in general, see ||. In 
T4| it was assumed that r] was rapidly decreasing and the above argument showed 



the holomorphicity of the theta integral. 



6. The Singular Fourier Coefficients 

In this section we compute the singular Fourier coefficients of the theta integral 
A( v )(t). 

For the (3-th Fourier coefficient, we have 



(6.1) a p (77) = I V A v{iv,Z,X)e~^m 

Jm xen (3 n(/i+L") 



First note that Prop. [4.4| implies that only for rank (X) = n we have <f{X) ^ 0. 
Therefore ag = unless /3 = \{X, X) is singular and positive semidefinite with 
rank(X) = n (or (3 positive definite). 



Theorem 6.1. (Theorem \l-4\ ) Assume that (3 is positive semi-definite of rank n—1. 
Then 

JCg 
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Proof. With the notation of Section 3 we have 



(6.2) e 2 * W a r j rj A E p(iv,Z,X) 

(6.3) = / V AJ2 E E tVC^X) 



(6.4) =E/ E E 7V(w,Z,X) 

j=0 Jr\B ^r^rie^j 



(6.5) 



EE/ ^ A E E 7V(*>,2,*)- 



Proposition 6.2. 

/ ^ A E E 7*<p{iv,Z,X)= f r]A E <P(iv,Z,X). 

Proof. The considerations in Section 5 imply that it is enough to show that 
^2xe£ i j ffai a (t) ~ 1 n(b)~ 1 X) is rapidly decreasing for t — > oo and i — > 0. Tak- 
ing m G SL n (Z) as in the proof of Lemma |3.4| we find via Prop. fO| that 

(6.6) e ^v.aity^^x) = e ¥>(™',a(*rv&r ly ) 

with f' = t m~ l vm~ l and /3q, k = hm and /3 as in ( [3.16| ). But now Lemma |T4| and 
Lemma |5.9| (i) show that we have f\cp u .. k £ ^o 1 ^ (hi the notation of Section 5). 

As in ( |3.17| ), F G Cf3 ,Uij,k is of the form ( °yv) with y G (£o) n an d finitely many 
possibilities for Y[. So we can apply JF to the sum over C/3 0t u id ,k and Lemma |0 
gives the rapid decay as t — > oo. The decay as t — > is clear. □ 

Remark 6.3. In and |14| unfolding was not attempted in the above situation. 
This led to considerable complications. In [[HJ, the case n = p, Kudla introduced 
a wave packet attached to the standard Eisenstein series for 0(p, 1) to compute the 
integral. The method employed in the following is conceptually much simpler (even 
though the actual calculations are quite similar). Moreover, it should be immediately 
available in the more general situation of Jl4| for not rapidly decreasing rj. 



We define a smooth differential n-form 9ij(Z) on Tj\B by 

(6.7) M^)= E ^ X )' 

xeC/3,ij 

and put 



(6.8) = / riA9ij(Z). 
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Hence 

(6.9) ^Wap^&b'PM- 

j=0 i=l 

We also define a function $(X, Z) via 

(6.10) r]Aip{Z,X) = $(X,Z)dp, 

where d\x = t~ p dt A dh\ A ■ ■ • A db v _\ is the Riemannian volume form, and set 

(6.11) 9ij(Z)= J2 ®( Z ' X )- 

Picking the standard fundamental domain for T 3 \B we obtain 

(6.12) e{ri,t3,U i3 ) = {-If- 1 r I [ <S> hJ (Z(t,b))db) t~Ht. 

J0 \JRP- 1 /A j J 

Recall (gjp that the lattice Aj C W ~ Nj ~ R p_1 is given by Aj ~ Tj. Here and 
from now on Nj = Nj (R) and W = W(R). We denote the torus A,-\W by Tj. 
We write Aij(t) for the inner integral of (|6.12| ). We have 

(6.13) A it j{t)= [ $ itj (Z(t,b))db 

J TAN, 



(6.14) 



I Hz(t,b),x)db 



(6.15) = E / *(Z(t,b),X)db. 



We also get a splitting 

(6.16) if^^nf + ^nf). 

Now note that the right hand side of ( 6.15|) is multiplicative under finite coverings! 
We pass to a subgroup Tj ~ Aj of finite index k in Tj given by 

(6.17) A, = fa n Aj) + n Aj) =: A' + A" 
and obtain a degree k covering 

(6.18) fj = T x T{7 y -»■ Tj 
with T' = A'\Uij and T^ = A"\E/£. We obtain 

(6.19) KAij(t)= V / $(Z{t,b),X)db. 

Vcr JTxTu.. 

We will use the horospherical coordinates adopted to C/jj. We may choose a Witt 
basis u, Wi, . . . , w p _i, v! with w, w 1; . . . , u> n _i G t/jj. Then the horospherical coordi- 
nates (£,£>!,••• , &p-i) are adopted to C/jj. The decomposition 

(6.20) Z(t,b) = Z(t,b',b") 
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corresponds to the splitting ( |6.16| ). We write 7] in terms of these coordinates as 

(6.21) V (t, b) = f(t, b)db n A ■ • • A dbp^ + V '(t, b), 

where r]'(t, b) is in the ideal of forms on Tj\B generated by {dt, dbi, • • • , db n -{\. 
For (p n (Z(t, b', b"),X), we have 

Lemma 6.4. Suppose U := span(X) = span{u ,Wi, ■ ■ ■ , u> n _i}. Then 

(f n (Z(t, b', b"),X) = 2 n/2 ^ det g (X)e- 7T{x ' x) ^'^ t~ n ~ l dt A db x A • • • A db n . u 

where g{X) is the matrix expressing the basis X for U in terms of the basis 
{u ,Wi, ■ ■ ■ , w n _i} for U; i.e., 

(xi, ■ ■ ■ , x n ) = (u , w h ■ ■ ■ , w n -x)g{X). 
Proof. We have X = (xij) with 

(6.22) x^ = (xj,ei) for 1 < i <p and x p+i,j — ~( x j, e p+i)- 

Moreover uq = |(ei + e p+ i). But by assumption (xj,uo) = for all j and (xj,ei) = 
for i > n. It follows immediately that the only vanishing Pliicker coordinate 
Pj lt ...j n (X), which is non-zero, is Pi^,---,n, and this has value ^detg(X). 
We next observe 

(6.23) <Pn(Z(t, b),X) = cp n {Z , a(t)~ 1 n(6)" 1 X). 
Now we have (using the previous formulas) 

(6.24) det g (a^V^X) = r 1 det g(X), 

(6.25) exp(-?r(X, X) Z ( t ,b)) = exp(-7r(X, X) Z { t ,b'fl))^ 
and 

(6.26) v x A • • • A v n = r n dt A dbi A • • • A dfc„_i. 
The lemma now follows from Corollary |4.2| 



□ 

Writing h{X,t,V) = det(i/) 1/2 2 n / 2 | det g(X)t~ x <p (iv, a(t)- 1 n(6')- 1 X), Lemma p 
and ( |6.21| ) give 

(6.27) 

r] A (p(iv, Z(t, b', b")) = {-lf p - n H~ n h{X, t, b')f(t, b', b")dt A dbi A • • • A db p ^ 

and 

(6.28) $(X, Z(t, b', b")) = {-lY p - n H p - n h{X, t, b')f{t, b', b"). 
Thus the inner integral in fl6.12| ) is given by 

(6.29) KAi d (t) = (_i)(p-«)«tP-« fh(X,t,b')(f f(t,b',b")db"\ db'. 
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But the inner integral is equal to the period of the differential form 77 over the closed 
cycle C Ui3 {t,b') C Yj\B given by 

(6.30) Cu^V) = {-l)^^n{l!)a{t)T Ui .. 

(For the sign, see Remark |3~T|) . Since rj is closed, the period is independent of b' and 
t, and we obtain 



c Vt . 



(6.31) KAi d (t) = 2 n/2 det(i;)2(-l) p - n t p - n - 1 

J2 detg(X) [ VG {iv,a{ty 1 n{b')- 1 X)db'. 



x 

We now unfold 



(6.32) 1= J det g{X)ip {iv,a{t)- 1 n{b')- 1 X)db'. 

We observe T' ~ TTj/Tj/y — > Tj/Tu.. ~ r ^ r ^ J is a covering of degree «. 

We let T>" be a fundamental domain for Yj/Y^. in N/Nu ir By Lemma |3.3| we have 

(6.33) I = k det 9( x ) Yl [ ¥>o(a(t)~ 1 n( 6 )~ 1 7~ 1 -X')d& 



(6.34) =k V det^(X) f Vo (a(t)- 1 n(b)- 1 X)db. 

So we have proved 
Proposition 6.5. 



Cxj.. 



X 

For the integral, we write 



J2 detg(X) [ ^{iv,a{ty l n(b')- 1 X)db'. 

tzi.. Jn> 



(6.35) I(t,X)= [ ex P (-ntr(X,X) lV:ZW )db', 

Jn' 

and it is not hard to see ([[LTJ Lemma 5.3) 
Lemma 6.6. 



I(t,X) = 2~^- 1 ^H n ~ 1 e(hr(ipv))(detv)-^\detg(X)\- 1 r l2 exp(-^t- 2 CK 

where 



detv detg(X) 2 ' 
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Here g(X) = ^pjqj, where go(X) is the first row and g%(X) an (n— 1) by n matrix. 

We are now ready to compute 8(r), @,Uij). We have 
(6.36) 0( r ,,P,U ij ) = t^Ll(f rA e (±tr(i!3v) 



c v . 



POO . 

£ y o s^det(y(x))e-5ex P (^--r 2 r 1 )r 2 ^ 



x 



At this point interchanging of summation and integration in ( |6.36| ) is not allowed. 
Instead, we define for s G C, 



£ ^det(^(X))r^exp (-^"T 1 ) ^dt- 



(6.37) 



Via a similar argument as in Prop. |T2|, the sum is rapidly decreasing as t — > oo so that 
J(s) is entire and for Re(s) > 1 we can interchange integration and summation by 
an argument similar to Lemma |5.9| (iv); see also the proof of Prop. |6T7| below. Noting 
sgndet(g(X)) = e(X) in the notation of Section 3, we obtain 

poo . 

(6.38) 1(a) = £ c Wr»y exp^-^r 1 )^^ 



(6.39) = 2 (- 1 )/ 2 7r-<' +1 >/ 2 r (— ) £ e ( X ^ f ' 

The above series is (up to the factor det(v)~ s ) the Dirichlet series 

(6.40) n(s,v,P)= £ f(s,v,g(X)), 

where / : C x P n x GL„(R) — ► C is given by 

(6.41) f(s,v,g)^ S -^^detv[ t g 1 Y 
and ^ = ( g° ) as in Lemma p.6| . 

Proposition 6.7 (p!0|). fi(s, v,/3) has an analytic continuation into the entire com- 
plex plane and 

(6.42) Q(0,v,l3) = - £ B 1 (z/(X)) S ^det(( 7 (X)). 
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Proof. Again we take m G SL n (Z) as in the proof of Lemma |3.4| and obtain 
(6.43) n{s,v,/3)= E f{s,v,g(X)) 



(6-44) = f(s,v',9(Y)). 

Yec 8oiUi . ik 



in the notation of the proof of Lemma 3A with v' = t m vm l . Note g(Y) 
y m det(Y{). Then 



ript i/[ 4 y I s 

(6.45) Y fMg(X))= E ^(yoi)|yoir a E^ wdet (^) idetrt 

The sum over Y{ is finite and can be evaluated for s — 0, while the first is equal to 
H(koi, s) — H(l — k i, s), where H(x, s) = J2™=o( x + n )~ s * s the Hurwitz ^-function. 
The series converges for Re(s) > 1 and has an analytic continuation to the whole 
complex plane. Observing H (x, 0) = \ — x = Bi(se) for x G [0, 1) finishes the proof of 
the proposition. Note here that the two Hurwitz (^-functions correspond to the two 
reduced elements in one Z-class in Cp 0j u ih k- d 

Hence 

(6.46) 1(0) = -2" 1 / 2 B 1 (v{X))sgndet(g(X)) 



and therefore 



(6.47) 0{ V ,P,U tj ) = (-ir E ^(Hl))e(I)e- Wr <«. 

Considering ( |6.9|) in conjunction with the definition of the cycle Cp from Section 



concludes the proof of Theorem |6.1|! 



□ 



7. The Positive Definite Fourier Coefficients 



7.1. The defect 6/3(1]). For (3 > 0, the main point of [|TT|, [T2|, ^] (in much greater 
generality) is that the Fourier coefficient 

(7.1) 9p = p(tv,Z } X)e- 2ntr{l3v) 

x<=npn(L n +h) 

(7.2) = E E lW™,Z,X)e-™<W 

X£r\n n(L n +h) 7er x \r 

is a Poincare dual form for the composite cycle Cp, i.e., 



(7.3) ap( V )= / V A 9,3= / V 

'M JCg 
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for all f] G Z k d (M), the rapidly decreasing closed /c-forms in M, and k = p — n. 
(Actually, the case n = p — 1 is not treated there, but for p = 2 and n = 1 we will 
show below that this is still true). 

Furthermore, by Stokes' Theorem, ( |7.3|) also holds on the space of relative cobound- 
aries B k (M,dM). Slightly more general we have 



Lemma 7.1. If r] is an exact k-form vanishing on dM, then ( \7.3j) holds. 

Proof. We consider the inclusion i : M — > M and note that as a consequence of the 
relationship between duality on H*(M) and duality on H*(dM), we obtain 

(7.4) \?0 P ] = PD[d.[C p ]], 

see e.g. H, Th. 9.2, p. 357. We write rj = du, whence the restriction of u to dM is 
closed. Then 



(7.5) / T}A9 f) = _uA6 p = / lo= V . 

JM JdM JdCp JCp 

Here the second equality follows from ( |7.4| ) and that uj is closed on dM. □ 

However, ( |7.3| ) will not hold for all rj G Z k (M) unless Cp is compact (which can 
only happen for k = p — n < 4). 
In fact, we define the defect 

(7.6) 8 p {rj) =ap{ri)- / r) 

for 7] G Z k (M). By the above discussion, 8p factors through 

(7.7) Z k d (M) + B k (M, dM) = Z k (M, dM), 



the closed forms vanishing at the boundary. The equality in (|7.7Q follows from the 
fact that H k (M,dM,C) ~ H k (M,C) has a system of representatives consisting of 
rapidly decreasing forms. So we proved 

Lemma 7.2. For n < p — 1 or p = 2 and n = 1, 5p descends to a map 

Z k (M) 



'J.8) 8. 



P 



Z k {M,dM) 



We take a neighborhood U of the boundary of M such that dM is a deformation 
retract of U and obtain a projection map n : U — > dM. We pick a smooth 'bump' 
function p on M supported in U with p\y = 1 for another neighborhood V C U and 
define a map 

(7.9) l : A k ~\dM) — ► Z k (M) 

by l(u) = d(pir*(ui)) on U and l{uj) = elsewhere. Note that l(u)\ 9 jj = duj. 
Lemma 7.3. We have the following exact sequence 

(7 . 10 ) _^-(8M)^ ZHM)_ ^ mc)| 
v ; Z fc -!(9M) Z k (M,dM) 1 
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Here r is the quotient of the restriction map r : Z k (M) — ► Z k (dM) to the boundary; 
in general this is not surjective. Also note that I is independent of the choices involved, 
so that ( \7.1(\ ) is intrinsic to the situation. 

We can therefore study the map ( |7.8| ) via the exact sequence ( [7.10| ). 
Proposition 7.4. 5p is not identically zero on (the image of) , 

Proof. Let uj G A k ~ 1 {dM). Then the calculation Q for l(lo) is no longer valid 
(unless uj is closed) - and it is clear that there are examples so that (|7.5|) does not 
hold, i.e., 5p {l(uj)) 7^ 0. For Riemann surfaces, we make this more explicit in the next 
section. □ 

It is very tempting to investigate the other piece coming from H h (dM,C) using 
Eisenstein cohomology. We carry this out for the Riemann surface case. 

7.2. The defect for Riemann surfaces. For the remainder of this section we con- 



sider the special case of SO (2 } 1). In particular, we prove the Theorems [L5| and 



1.6. 



There is a double covering SL 2 (M) — > SOq{2, 1) and the symmetric space D is just 
the upper half plane HI. We therefore work with SL 2 in this section. Accordingly, we 
change notation and write z = x + iyED~ EI for the orthogonal variable. We write 
dxi for the basic differential form of the boundary component Tj of the Borel-Serre 
compactification corresponding to the cusp 1^. Hence dx{ = (gj l )*dx. Finally, for 
convenience we assume that V = T(N), the principal congruence subgroup. Hence 
the width of all cusps is equal to N. 

We first illustrate that the defect is not identically zero on : §oj§|fj- 



By Theorem 5.10 , the restriction of 9(t, z) to a boundary component Tj is given by 



(7.11) 6{r,z)\ Ti = ( Yl ? 2(I)e" W)T da* =: 9 t (r)dx t 

\x&WinL+h J 

(For the isotropic line £i defining a cusp, W{ = £^/£{ is one-dimensional, and identi- 
fying Wi(R) with R we have P 2 {X)e 7vi(x ' x) = Xe mX \) 

Pick a function / G A°(dM) = ©jA°(Tj) only supported at the cusp £q. Then 

(7.12) f t(f) A B(r, z) = ( [ f(x)dx) 9 (r); 

J M \JT / 

i.e., Ap(t(f)) is up to a factor the integral of / over the whole boundary circle. On 
the other hand, 



(7-13) / t(f) = / /, 

which is the oriented sum of the evaluations of / at the boundary points of Cp. It is 
certainly easy to find /, where these two terms are not the same; i.e., 8p(L(f)) ^ 0. 
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We briefly review the relevant facts for Eisenstein series and Eisenstein cohomology 
needed. 

We introduce the tangential Eisenstein series for the cusp £i, 

(7.14) Ef(s,z)= Irn(g7^y(y°dx) 

7er\\r 

with s G C. We easily see 

(7.15) E?(s, z) = ^- {Ei{s + 1, z)_ 2 dz + Ei(s + 1, z) 2 dz) 
with 

(7.16) Ei( 8 ,z) n = Imig^zYXig^^r, 

76r,\r 

where \(g,z) = -g±^- for g = ( a c b d ). 

The following theorem is well known, convenient references are || and ||. 

Theorem 7.5. (i) The series Ei(s, z)±% converge for s > 1 and have a meromor- 
phic continuation to C. At s — 1, Ei(s,z)± 2 are holomorphic, and the Fourier 
expansions Eij(l, z)± 2 at a cusp £j are given by 

(7.17) z)_ 2 = Uj + -a ij (0) > ) + a i:i {m)e 2 ™ mz / N , 

y \ y j m=1 

(7.18) -E tJ (l, z) 2 = U 3 + -ay (0)) + G~tm)e 2 ™ mZ / N . 

y \ y j m=1 

(ii) The tangential Eisenstein series Ef(s,z) is holomorphic at s = and defines a 
harmonic 1-form on M , which extends to the boundary. For two different cusps 
i and j , the difference 

(7.19) E?(0,z)-Ej(0,z) 

is closed, and its restriction to the boundary is dxi — dxj G Z 1 {dM) = (BkZ l (Tk) . 
We call the space of all linear combination of tangential Eisenstein series con- 
sisting of closed forms £q. 

(iii) The cohomology if 1 (M, C) splits as 

H\M, C) = H\ 2) {M, C) © #L(M, C), 

where Hj^ is (M,C) is the image of Sq in H 1 (M, C), while H} 2 JM,C) is the 
L 2 - cohomology. Its classes can be represented by weight- 1 ! cusp forms. Note 
Hf 2) {M, C) ~ Hf(M, C) := Im (i£(M, C) -> H\M, C)). 

Theorem [L5| now will follow from the vanishing of the defect 8p for tangential 
Eisenstein series and weight-2 cusp forms. Via ( [7.1[ ) we have to show 



(7.20) I V A lMiv,z,X) = e-^ [ 
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for (X, X) > 0. X L has signature (1,1) and therefore the stabilizer Tx is either 
infinitely cyclic or trivial. In the first case, the cycle Cx is a closed geodesic and 
( |7.20|) holds for any 1-form rj. When the stabilizer is trivial, the cycle Cx is an 
infinite geodesic joining two cusps. 

Theorem 7.6. Assume Cx is an infinite geodesic. Then 

(7.21) / 2^(0, z) A / Ef(0,z). 

JT\B 7er JCx 



Proof. First note that unfolding in ( 7.21|) is not allowed. Recall we have a Witt basis 



Mo, w, u' for V, and we can assume that X = 2a-u + bw with a G Q and b G Q + so 
that Cx is the geodesic joining the cusps oo and § G Q. The stabilizer of the cusp 
oo is =r«,(iV) = {(**) :keNZ}. 
We have 

(7.22) 

^ r \ B -yer ^ r \ B 7 eroo\r fcera 

We introduce a holomorphic function I(s) for s G C by 

(7.23) I(s) = f E?(0,z)A J2^(y S ^ X + 2kbu ^) 



and unfold 



(7.24) I{s) = I Ej(0, z) A y s ^(z,X + 2kbu ). 

To justify this we first need some explicit formulae for (p. We have 
(7.25) 

<p(z, X + 2kbu ) = V2be-^-^^ +b2)d -^ + V2 ( a ~ xb + kb ) 

y \ y J 

(7.26) =: cp 1 (k,X)dx + cp 2 (k,X)dy, 
so that the Fourier transform with respect to k is given by 

(7.27) <p(z, X + 2kbu ) = <pl(k, X)dx + <p 2 (k, X)dy 
with 



-7r(2 (a ~ i yi>) 2 +b 2)dx t ^ ( a-xb + kb\ ^- 7r (2 (a - xb J kb)2 +b 2 )dy 

y 



(7.28) (ft(k, X) = e -^ e -n^ e -2nik Xe 2^k^ 

(7.29) fak, X) = _ A e -^V^e- 2 ™ fc V™^. 
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By Poisson summation and ( [7.15 ) we obtain 

(7-30) 7(a) = I 1(7^(1, z)_ 2 + 7^(1,^) (i £ <fr(k,X)\y 8 
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(7.31) 



and this is rapidly decreasing as ?/ — > 00 and of moderate growth as y — > 0. Hence 
unfolding is valid for Re(s) sufficiently large. We pick the standard fundamental 
domain for T^B and integrate w.r.t. x. This picks out the 0-th Fourier coefficient: 

(7.32) 



Ks) 



4b 2 N 



(x{m)ai(m) — x(rn)ai(m))me 2 < bJV ) 



( m v) o my 

7 ~y s dy 



(7.33) 



V^ 2 

2 



m=l 

t>(X) 00 



^^(x(m)aj(m) — x{ m ) a i{ m )) e " 2(wv) 

m=l 



N y s dy, 



(7.34) 7( S ) 



where x( m ) = e 2m b m ^ N . Hence 

2 2^(x(™KM - x(m)a,(m)) 

* m=l 

,V2bN J 
-(V2bN) s (7(75,(1, z)_ 2 , X , s + 1) - 7(75,(1, *) 2 , x, s + 1)) 

/•oc s 

/ (Vi-V2b) e~ nt dt. 



(7.35) 



where 7(£ , i (l, z)± 2 , s) are the (twisted) 7-functions attached to 77,(1, z)_ 2 and 
77,(1, z) 2 . Specializing to s = finally gives 

(7.36) 



iN 



But now one easily checks that 



(7(75,(1, z)_ 2 , x, 1) - 7(75,(1, z) 2 , x, 1)K 



-nb 2 



(7.37) 



75/ (0, 2) 



Cx 



-iN 

47T 



(7(75,(1, z)_ 2 ,x,l)- 7(75,(1, z) 2 , *,!)). 



This proves the theorem. 



□ 



Remark 7.7. The given proof (or a slightly simpler version of it) also works for 
77 = f(z)dz with /(z) a weight-2 cusp form. This is important, since for Cx an infinite 
geodesic, the proof of the basic identities ( |7.20|) and ( |7.3|) for r\ rapidly decreasing is 



actually not included in [ 13| , [ 14 
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Because of Stokes' theorem we have J 9 jj9(t,z) = and therefore J2i@i( T ) = 0- 
Thus 

(7.38) Eis(6)(r,z) := ^ O^Ej^z) 

i 

defines a closed differential form in M with values in the holomorphic cusp forms of 
weight 3/2, and we define the truncated theta function 

(7.39) 6 c (t,z) =6(t,z) - Eis(6 jZ ). 

So c (t) is per construction a rapidly decreasing closed differential 1-form in M with 
values in the non- holomorphic modular forms of weight 3/2. We write 

(7.40) 6 c (r,z)=J2^(v,z)e 2mT 

P 

for the Fourier expansion. For t] = f(z)dz with f(z) a weight-2 cusp form we still 
have 



(7.41) / r,AP p = / 17 A 0„= / V, 

' M JM JCfj 



as cusp forms are orthogonal to Eisenstein series. (By Theorem [7.61 , (|7.41|) actually 
also holds for tangential Eisenstein since it is not too had to show that the integral 
of the wedge of two tangential Eisenstein series vanishes.) This justifies the 

Definition 7.8. We define C c a to be the homology class dual to the Fourier coefficient 



C/3 does not depend on v since ( [7.41]) and Th. |7^ show that J M rj A 9% indeed does 
not depend on v. 

This discussion proves Theorem |1.6| . 

8. The Theta Integral over Special Cycles 
We can also define a lift 



(8.1) a(t,cv)= / e^faz), 

JCu 

where Cjj is the special cycle coming from a positive definite subspace U of dimension 
p — n in V. Note that C\j has dimension n. 

We write L v = LnU and L v i_ = L fl U 1 - and obtain a decomposition 

(8.2) L n + h = (L n u + K) + (L n u± + h'l) 

i=i 

with h[ G (L#) n and h'( G (^L^^j . By 8 Cu (r,L u ± + h'l) we denote the top degree 
theta integral A(r, 1) = f c ^ J2xeL n +h" ¥n( T ,X) for the hyperbolic space Cy. Note 
that the top degree lift A(r, 1) was computed in fL0| . 
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Proposition 8.1. With the above notation, we have 

s 

A(r, C v ) = ]T 0(r, Lu + K)9 Cu (r, L v ± + hf!) 
i=i 

where $(r, L;y + h'j) = XlxeL™ +ti e nltr ^ x ' x ^ is the standard theta series of degree n 
for the positive definite space U . 

Proof. Using the explicit formula for (p n = ip n y from Section 4 one easily checks that 
under the pullback i* v : A n (B) — ► A n {Bu) 

(8.3) i*u<-Pn,v = fo,v ® fn^i 

where ipojj is just the standard Gaussian for the positive definite space U. From this 
the proposition easily follows. □ 

Theorem 8.2. (Theorem \1.6j) 

A(t,Cu) = J2lCu.Ca} tr e 2 ™ tr ^ + (-l) n J2 [Cu.C s p ]e 2 ^ T \ 

/3>0 /3>0 

where [Cjj-C(i\ tr is the transversal intersection number of Cu and Cp (i.e., the sum 
of the transverse intersections counted with multiplicities +1 and —1 ) and [Cjj.C s ^\ is 
the evaluation of the cohomological intersection product. 

Proof. First assume for simplicity that in (|8.2|) we have s = 1 and write h' = h[ and 
h" = h'{. Let (3 G Sym n (Q) be positive definite. It is easy to see that a (p — n)- 
cycle Dy with MY,Y) = [3 intersects Djj transversely if and only if the orthogonal 
projection of Y onto U 1 - spans has rank n. From that we conclude that the transversal 
intersection number [C[/.(7g] tr is given by 

(8.4) [Cu.Cp\ tr = K«i^)deg(C Q2iC J, 

ai>0 
a 2 >0 
ai+02=/3 

where r(a\, U) is the representation number of cti in Ly + h! and 

(8.5) deg(C a2>Cu ) = E e(X) 

xer u \n ct2 nL n ± +h" 

is the (weighted) degree of the 0-cycle C a2 in the space Cu defined by a 2 . But the 
right hand side of ( fj.4[ ) is exactly the /3-th Fourier coefficient of t?(t, Lu + h') times 
the positive definite part of Cu (t, L v ± + h"), which is given by (^.5[), see pi!| . 

The statement for the singular coefficients is clear as Th. |1.4j shows that the /5-th 
coefficient of 9 is the Poincare dual of the absolute cycle C%. But one can also see 
in the same combinatorial way as above that the Fourier coefficient attached to a 
semidefinite f3 represents the intersection numbers at the Borel-Serre boundary of the 
singular cycle CI and the boundary of Cu- □ 
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